The classical Yang-Mills equation of motion is numerically investigated in the Lorentz gauge for a SU(2) gauge group. The color-electric field of two point-like charges is studied in the "empty" vacuum and in a state with an instanton present. We found that the color-electric field lines are expelled from the instanton region giving rise to a dual Meissner effect. The origin of this effect is discussed. The results indicate that a color-electric flux tube forms between static color sources in a phase of strongly correlated instantons.
Introduction
One of the most challenging problems in hadron physics nowadays is to understand the confinement of quarks in quantum-chromodynamics (QCD), which is the theory of strong interactions. From large scale numerical investigations of lattice Yang-Mills theory [1, 2] , we know that QCD yields confinement, since Wilson's area law is satisfied. This implies that a linear rising confinement potential is formed between static color sources. Unfortunately, the numerical efforts have not yet revealed the basic mechanism of confinement. The knowledge of the qualitative mechanism would help to construct effective hadron theories the predictive power of which is not limited by unphysical quark thresholds [3] . Only effective quark models which heuristically incorporate the confinement are so far available. I would like to mention the Global Color Models [4] which realize confinement either by avoiding the pole at the real axis of the quark propagator or by infra-red slavery. In [5] it was proposed that quark confinement is due to random quark interactions induced by random gluonic background fields.
A promising idea to understand the feature of quark confinement from first principles was given by 't Hooft and Mandelstam. They propose that the so-called Abelian gauges are suited to understand the basic mechanism of confinement which is obscured in other gauges [6] . In these Abelian gauges magnetic monopoles emerge because of a residual U(1) gauge degree of freedom which is unfixed [7] . If these monopoles condense due to the Yang-Mills dynamics, a dual Meissner effect takes place implying that the color-electric flux is expelled from the vacuum. This scenario would naturally explain the linear rising potential between sources of color-electric flux. Subsequently, heuristic models were developed which explore the formation of an color-electric flux tube [8] . However, the dynamics which leads to the condensation of the monopoles is not understood so far.
The original idea of 't Hooft and Mandelstam has gained further support by a recent success [9] of Seiberg and Witten. They showed that the monopoles of N = 2 (non-confining) super-symmetric Yang-Mills theory start to condense, if the theory is explicitly broken down to N = 1 (confining) SUSY. One should, however, keep in mind that this scenario in super-symmetric Yang-Mills theory is quite different from that in standard QCD. Whereas in the previous case magnetic monopoles are present in the particle spectrum, magnetic monopoles are induced by gauge transformations in the latter case.
The quasi-particles of standard Yang-Mills theory which show up as a solution of the classical Yang-Mills equation of motion are instantons [10] . An implicit scheme to construct all instanton solutions was provided in [11] . Novel explicit instanton configurations for a SU(N), N ≥ 3 can be found in [13] . Instantons are generally believed to play an important role in the QCD ground state. They may possibly trigger the spontaneous breaking of chiral symmetry and offer an explanation of the U A (1) problem [12] .
Numerical investigations, based on a classical instanton interaction, show that instantons are strongly correlated in the Yang-Mills ground state implying that they occur as a liquid [14] rather than in a dilute gas phase [15] . Including quantum fluctuations, it was discovered that instantons possess a medium range attractive interaction which is solely due to the instability of the perturbative vacuum [16] . The strong-coupling expansion within the field strength approach to Yang-Mills theory [17] suggests that the interaction due to quantum effects is strong enough to induce a condensation of instantons [18] . Whether the instantons exist in a crystal type structure or in a strongly correlated liquid is still beyond the scope of the present approaches.
The question whether instantons are important for the dual Meissner effect has gained recent attention [19, 20, 21] . In order to address this question, the profile of an instanton in Abelian gauges were investigated in continuum Yang-Mills theory [19] as well as in the lattice version [20, 21] . In the previous case, one observes a monopole world line, which penetrates the center of the instanton [19] . In contrast, the lattice simulations [20, 21] have reported closed loops of monopoles which encircle the center of the instanton. The length of the monopole loop was investigated throughout the deconfinement transition. Although the discrepancy between the lattice and the continuum approach is not clarified yet, the conclusion at hand is that large monopole loops play an important role for confinement.
In this paper, we will directly study the role of the instantons in the dual Meissner effect. For this purpose, we will numerically solve the SU(2) Yang-Mills equation of motion with two static color sources present. The color-electric flux stemming from the color sources will be investigated in the "empty" vacuum and in a vacuum where an instanton is present. Our main result is that the color-electric flux is expelled from the instanton. Instantons give rise to a dual Meissner effect, therefore providing evidence that a phase of strongly correlated instantons has the property of the formation of color-electric flux tubes between static color sources.
The paper is organized as follows: in the following section, we briefly review the present wisdom concerning the relation of instantons and confinement. In section 3, the Meissner effect in solid state physics is addressed for a later comparison with the situation in SU(2) Yang-Mills theory. The numerical approach to solve the classical Yang-Mills equation of motion is introduced in section 4. It is shown that this approach nicely reproduces an instanton configuration. In subsection 4.3, two point-like color-electric charges are added. The electric field lines stemming from these charges are investigated in an "empty" vacuum (subsection 4.3) and in a state with an instanton present (subsection 4.4). The dual Meissner effect is worked out in some detail. Conclusions as well as an argument to understand the numerical results and the origin of the dual Meissner effect is left to the final section.
Instantons imply confinement?
In this section, we briefly review some results in the literature which address the question how relevant instantons are for the confinement mechanism.
This question has a long history [22, 23, 24] . A semi-classical evaluation of the Yang-Mills partition function by Aharonov et al. [22] has indicated that instantons support the existence of infinite long flux tubes (fluxon). These strings with nonvanishing flux appear as fluctuations on top of the instanton background. It was shown that an ensemble of these random-walking "fluxons" gives rise to Wilson's area law. In this scenario, the impact of the instantons on confinement is secondary.
Considering fluctuations around an instanton, 't Hooft showed that large size instantons receive a large weight in the Yang-Mills partition function [25] . Expectation values of condensates are even ill-defined due to the contribution of these large size instantons. Subsequently, it was argued by Shuryak that the presence of quarks and gluons cure the large size instanton problem [23] . He showed that the presence of a non-vanishing quark and/or gluon density provides a natural cutoff on the instanton radius. As a consequence, the presence of quarks and gluons yield an increase in the vacuum energy density implying that they should be expelled from an instanton dominated vacuum. This picture naturally supports the MIT bag model of hadronic matter.
In their pioneering work, Polikarpov and Veselov laid the foundations of the conjecture that the instantons play a minor role for confinement [24] . They studied the emergence of instantons in SU(2) lattice Yang-Mills theory, when a equilibrium lattice configuration is cooled down. They extracted the ratio χ of the string tension of the configuration after cooling with the one of the lattice equilibrium configuration as function of the topological charge present on the lattice. One crucial observation is that χ increases with increasing topological charge Q. For instance, χ reaches 20% for a sufficiently large Wilson loop and for Q = 3. However, large topological charges rarely appear on the lattice. The value of χ averaged over the instanton vacua which appear by freezing out equilibrium configurations is of order 5%.
The outcome of the latter considerations is twofold: an instanton medium which emerges from the freezing of a lattice equilibrium configuration gives rise to a nonvanishing string tension. Secondly, lattice equilibrium configurations are dominated by fluctuations rather than by the classical solutions of the Yang-Mills equation of motion. The later fact is confirmed by recent studies of the Vienna lattice group [21] . They investigated the evolution of the topological charge Q during the cooling process. They found that the lattice equilibrium configurations are dominated by configurations with Q = 0. However, if these configurations are cooled down, configurations with larger Q-values emerge. This demonstrates that the fluctuations on the lattice (at realistic values of the coupling strength) are large enough to change the topological charge Q. In this paper, we will elaborate a qualitative picture of the confinement mechanism in the classical instanton vacuum rather than to estimate the importance of the (semi-) classical vacuum for the true ground state of Yang-Mills theory.
3
The Meissner effect of solid state physics
In 1933 Meissner and Ochsenfeld discovered that super-conductors expel magnetic flux. The microscopic ingredient which leads to this effect is the condensation of electric charge, which is carried by pairs of electrons [26] . For later comparison with the Yang-Mills case, we briefly review this effect by considering a LandauGinzburg theory [27] which is described in terms of the Lagrangian
where F µν is the electro-magnetic field strength built from the gauge potential A µ , and e is the electric charge. j µ (x) is the external current. The Lagrangian is invariant under U(1) gauge transformations. The scalar field φ(x) transforms homogeneously under these transformations and therefore carries electric charge. In order to mimic the scenario of a super-conductor, we assume that the scalar field forms a homogeneous condensate φ 0 of electric charge, which breaks the U (1) gauge symmetry. The classical equation of motion can be easily obtained from (1)
In the gauge ∂ µ A µ (x) = 0, this equation can be transformed into an Helmholtz equation for the magnetic field B i . In the absence of external currents, this equation becomes
This is the key equation to understand the Meissner effect. Eq.(3) tells us that the magnetic field exponentially decreases inside a super-conductor with slope given by the strength of the condensate φ 0 . Figure 1 qualitatively shows the behavior of the magnetic field lines, if a super-conducting cylinder is present. The main observation is that the magnetic field lines are expelled from the super-conducting region.
It is instructive to compare London's equation (2) with the classical equation of motion of an SU(2) Yang-Mills theory, i.e.
where ǫ abc is anti-symmetric tensor in 3 dimensions, and j a ν (x) are the external (e.g. quark) currents. The field strength, i.e.
is constructed from the non-Abelian gauge field A a µ (x). Up to the color structure, eq.(4) is similar to eq.(2). The field strength tensor F a µν plays the role of the scalar field φ 0 in (2). One might expect that Meissner type effects occur, if the ground state of SU(2) Yang-Mills theory tolerates regions of non-vanishing field strength.
Indeed, eq.(4) allows for non-trivial solutions (for j a µ (x) = 0), which are known as instantons [10] . In the gauge ∂ µ A a µ (x) = 0, their gauge field and the corresponding field strength is given by
where η a µν are the anti-symmetric 't Hooft symbols, i.e.
and ρ is the radius of the instanton. Instantons therefore correspond to spots of non-vanishing field strength. This observation and the similarity of the equations (4) and (2) have encouraged us to search for a (dual) Meissner effect by solving the classical equation of motion (4) at the presence of two external charges and an instanton. 
4
The dual Meissner effect of SU(2) Yang-Mills theory
The numerical approach
In the following, we will work in the Lorentz gauge
We will numerically investigate the solutions of the classical equation of motion (4) of SU(2) Yang-Mills theory, which is a non-linear second order partial differential equation. To this aim, we discretize the 4-dimensional Euclidean space-time on a grid consisting of 31 4 points, and replace derivatives by the corresponding differences, e.g.
whereê µ is the unit vector in µ-direction, and where h is the grid spacing. The discretized partial differential equation is then solved by iteration. For definiteness, we have chosen Neumann boundary conditions. We have checked that the impact of the boundaries on the field configurations under consideration is small (see below). The approach should not be confused with the lattice version of Yang-Mills theory [1] . The grid is only a mathematical tool to solve the partial differential equation. For our purposes, we need not worry about local gauge invariance, but confine ourself to the definite gauge choice (8) .
In order to get a first idea of the error due to the discretization (and to check the set up of the program), we cast the analytically known instanton configuration (4) reproduces the zero at the r.h.s. (note that the external source j a µ is set to zero at the moment). Choosing x 2,3,4 = 0 (this selects a line which passes the center of the instanton) and e.g. a = 2 and ν = 3, the deviation from zero is shown in figure 2 as function of x 1 for several values of the grid spacing h. The result should be compared with the intrinsic scale which is set by the maximum field strength of the instanton (4 in units of the instanton radius). The most important observation is that the result becomes significantly better, if h is decreased. This confirms that the discretization works correctly.
The instanton on the grid
In this subsection, we study the grid version of an instanton configuration, which emerges as solution of the discretized e.o.m. (4) . For this purpose, we have removed the external sources (j a µ (x) = 0), and have chosen the analytic profile (6) as starting configuration of the iteration process. After convergence was obtained, we have calculated the color-electric field of our grid configuration with the help of a discretized version of the field strength tensor (5). Choosing the color direction a = 1, we learn from (6) and (7) that the only non-vanishing color-electric field points inê 1 direction. We then have compared the numerical result for the space-time dependence of this color-electric field, i.e. E 1 1 (x), with the analytic form (6) . The result in shown in figure 3 . For h = 0.5 ρ, the field strength in the center of the instanton is somewhat underestimated, whereas the result is satisfactory for h = 0.2 ρ. However, the influence of the boundaries becomes visible at the edges of the grid in the latter case. y/ρ Figure 4 : The color-electric field E 1 in the xy-plane produced by two color-electric charges in an empty vacuum (above) and in a state with one instanton present (below).
Electric charges in empty space
In this subsection, we study the color-electric field produced by static color sources in non-Abelian SU(2) gauge theory. For this purpose, we have chosen the external current at the the r.h.s. of the equation of motion (4) to be
This choice corresponds to two static color-electric charges of color direction a = 1 which are located at the spatial positions x 1 and x 2 . In order to get a feeling of the color-electric flux produced by these sources, we calculated the color-electric field E a=1 using an empty space as starting configuration of the iteration process, which solves the partial differential equation (4) . To be specific, we have chosen
where ρ is an arbitrary length scale at the moment and will be the instanton radius later. The upper picture of figure 4 shows the direction of the color-electric field E 1 in the xy-plane at each grid point. The length of the vectors at each grid point reflect the strength of the color-electric field. One observes that the left-handed charge acts like a source, whereas the right handed charge is a drain. In addition, some color-electric field lines are shown. They connect source and drain and spread out over the whole plane. If no instanton is present, the color-electric field lines of the charges are very similar to the ones produced by electric charges in QED.
Electric charges in the instanton background
The picture changes drastically, if an instanton configuration is present. In order to obtain a topological non-trivial vacuum, the iteration process was started with the analytic instanton configuration (6) casted onto the grid. The iterations are performed until the gain in action is by orders of magnitude smaller (e.g. 10 −4 ) than at the beginning of the iteration. One observes that the orientation of the instanton is hardly changed compared with the orientation of the starting configuration. Note, however, that the action further decreases in tiny (numerically almost invisible) steps until the instanton reaches its best orientation with respect to the external charges. We believe that it is not important to treasure the tiny losses in action, since presence of several instantons as e.g. in a strongly correlated medium will induce effects which are much more significant. Instead of, we will study the color-electric flux from the charges with two different orientations of the instanton (see figure 4 and 5). The lower picture of figure 4 shows the result for t = 0, where the instanton develops its maximum strength. The color-electric field lines of the instanton, which point from the right to the left, are clearly visible. The length of the vectors on the grid points also give a rough impression of the instanton field strength profile (6). Some color-electric field lines are also shown (solid lines). For comparison, the colorelectric field lines of the case without the instanton are shown as dashed lines, too. A field line is specified by the angle between the field line and the line connecting the two charges. This makes it possible to compare the situation with and without instanton. Our main observation is that the color-electric field lines of the charges are clearly expelled from the region where the instanton is located. This is the dual version of the Meissner effect (compare figure 1) .
This effect becomes even more drastic, if the location of the two charges is changed to
The result is shown in the left handed picture of figure 5 . The upper charge is the source of the color-electric field, the lower charge is the drain. One observes that the color-electric field lines which spread out the upper charge are pushed back from the instanton. The lines shown in figure 5 do not even reach the drain-charge in the lower half. The role of the drain-charge is to collect some of the color-electric field lines of the instanton. One might argue that the deformation of the color-electric field lines of the charges in the presence of the instanton is solely due to the superposition of the y/ρ Figure 6 : The same as the r.h.p. of figure 5 with a different localization of the external charges.
instanton field and the field from the charges. The right handed picture of figure 5 shows that this is not the case. In this picture, we have subtracted the color-electric field of a pure instanton (without any charges present) from the full color-electric field. If the total field is simply a superposition, one should recover the upper picture of figure 4 (this is what would happen in QED). The result of this subtraction is completely different from the field distribution in the u.p. of figure 4 . The main observation is that at the instanton center only field strength of an instanton is present without a further supplement from the charges. This is possible due to the non-linear nature of the classical equation of motion (4) . If the influence of the instanton on the color-electric field lines of the two charges is treated as a perturbation, the leading order correction to the field lines has dipole character and therefore vanishes, if over all orientations of the instanton is averaged. The second order effect provides an attraction of the field lines towards the instanton center [28] . In this paper, we have investigated the case, where the instanton field strength is strong compared with the field strength of the charges. The instanton cannot be treated perturbatively (see r.h.p of figure 5 ). The net result is that the field lines are pushed back from the instanton. In order to give an idea of the angle dependence of this effect, we also present the instanton subtracted color-electric field of the charges for their localization (12) (see figure 6 ). The striking result is that the electric field on top of the field strength of a pure instanton is roughly independent of the orientation of the instanton with respect to the charges. Below, we will provide an argument which offers an explanation for this observation.
Discussions and conclusions
Among many other things, Polikarpov and Veselov studied the instanton medium which emerges in lattice Yang-Mills theory, if an equilibrium configuration is cooled down [24] . They found in particular, that this instanton medium exhibits a nonvanishing string tension (although the instanton induced string tension is somewhat small compared with the string tension emerging from the equilibrium configurations 1 ). This implies that an instanton medium, in fact, bears confinement. In this paper, we have proposed a principle mechanism which might lead to confinement in an instanton dominated ground state. For this purpose, we have studied the impact of an instanton on the color-electric flux produced by two static, point-like color-electric charges (see (10) ). The classical equation of motion (4) of a SU(2) gauge theory was numerically solved in Lorentz gauge. The color-electric field lines of the charges were investigated in detail in an "empty" vacuum as well as in a state where an instanton is present. We found that the color-electric flux is expelled from the region where the instanton is located. This is the dual version of the Meissner effect.
The numerical outcome can be qualitatively understood as follows: in an "empty" space, the electric flux spreading out the charges distributes over the whole space in order to avoid large concentrations of field strength which amounts for a large action. The scenario is qualitatively the same for the Abelian (QED) and the nonAbelian case. However, the non-linearity of the Yang-Mills equation of motion (in fact the topological structure of the theory) allows for non-trivial configurations, i.e. instantons, which are local minima of the Yang-Mills action. These configuration must exhibit a definite strength of the color-electric and color magnetic field (see (6) ) in order to minimize the action. Any distortion of the instanton field strength, e.g. produced by the presence of external charges, yields a sudden increase of the action. This is the reason that the color-electric field is expelled from the instanton region. Although the numerical results are confined to a specific gauge and a particular orientation of the instanton, the above argument holds very general and suggests that the dual Meissner effect persists for different scenarios, too.
It is instructive to compare the effect observed in section 4 with the Meissner effect in solid state physics. In the latter case, a condensate of electric charge plays the essential role (see the discussion in section 3). However, no condensate of magnetic charge is needed to observe the effect in the SU(2) case. The occurrence of local field strength spots are sufficient to expel the color-electric flux from the spot region.
Finally, let us put forth a qualitative picture of a (semi-classical) ground state of Yang-Mills theory. The conclusions drawn in [14, 16, 18] suggest that a possible candidate for the vacuum is dominated by strongly correlated instantons. The (semiclassical) vacuum state is then a superposition of all these candidates averaged over all orientations and locations of the instantons, and therefore gauge invariant. The search for a flux tube formation between static color sources in strongly correlated instanton liquid seems feasible, if some microscopic details are omitted and if the numerical approach is mainly confined to reproduce the dual Meissner effect reported here. This is an interesting task for future work.
